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character of the analysis one would encounter. It is curious that the ambiguities 
already discussed have an analogue in the following theorem :* 

If P is a prime of the form 4c+l, and m 2 +w 2 =P (m and n integers), 
then either worn has the form ±l(mod4). If ms±l(mod4), then 

Now since (2c) l=— l(modP), we can write 

(c!)2 - ± w (modP) (7) - 

Hence the least residue of (c!) 4 (modP) can be determined uniquely. But in 
(7) the residue for (c!) 2 (modP) is two-valued, and we face a problem which is 
analogous to Dirichlet's. 



ON THE EVALUATION OF CERTAIN DEFINITE INTEGRALS. 



By PROFESSOR G. B, M. ZERR, A. M., Ph. D., Philadelphia, Fa. 



1. In works on Calculus we find the following: 

J o 
We wish to find the value of 

f e-t-fr'+WXsinlhx* + (k/x*)-\dx=A, 
J o 

C e-lf x °+ < <'/*'»Qos[kx*+(lc/x*)~\dx=B, 
J 

as well as of the still more general definite integral C of §6. 
In view of the substitution y=Xy/m, we have 



T /m J o 2j/ m 



(mm) 



Now A= 1 f {e-if- h V-u*'-(8-W-uWx' , )—e-<-f+ h V- l '> x '-(ii+ty-uwx')}dx. 
2 ]/ — \J o 



*Thls theorem Is due to Gauss; see Smith, 1. c, p. 268. 
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B—i f [ e -( f-hV-l)x'~(g-ky-l){l/x>) + e -mhV-l)x'-(g+W-lHl/x>) ]^ # 

LeVm= 1 /[/±V(-l)]=T/[4/"+*V / (/ 8 +^)]±V / t4/ r -Jl/(/ s +^)]=' , ±^ 

•»=i/[fl'±*i/(-i)]=i/[^+*^(^+* , )]±i/[te-ii/(^ , +* , )]==u±«. 

.-.,4.= J— e -2(r-»(u-«) ~VJL e -2(r+*)(»4-«). 

4 1 /(-l)(r-0 4T/(-l)(r+0 

B = ■ y* — e- 2 ( r -«) (»-■»)-) — I— c -2(r+t)(m-»). 
4<r-0 ^4(r+<) 

ji:= k_ g-2(r»+*») | r r e 2(r»+*«)_ e -2(m+*»)T_|_^ e 2(re+««)^_ e -2(r«+««)-]j 

= - 2(r*-t* 1 e ~ 2(m+ ' t ' ) {ysinh2(rp+<w) +<cosh2(?r + tu)}. 

Similarly, 
B= — g * , e-K™+W{r(iosh2(rv+tu)+tsmh2(rv+tu')}. 



•■ sy^-^zb** +-^> 



± 0W e ^ + " L'SS(«c«+i->)+«SS(^+i»))]- 



2. Let/=1, 0=0, ft=0, &=&*; then r=l, <-=0, m=J6^2, d^JV" 2 - 

.-. A = _ T/ ff |/(-^) e -t ) /2 s i Dh ( 5l/ /_2) = = -i^e-»» / V(-l)sinli(6- l /2) 

= - i ^e-»» /!! sin(6/-2^-l)=J 1 /(7r)e-6^sin(6 k /2)=J' e-^sinCJ 8 /^)^. 
e-^eosr J V» s )*K=*i/(' r )e- 6 ' /2 eos(& / 2) . 



3. Let/r=cos0, g=a 2 aos0, h=siu0, Jc=a 2 sine ; then r=cos£0, <=v/(— 1) 
Xsin£0, i«=acos£0, i>=aj/( — l)sin£0, r s — tf 2 =l, n«+to=acos0, n> + tfw 
— a V(— l)sin*. 

.-.A ^l^e- 200088 !-!/-! cos£0sinh(2av/-l sin(?) 
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-x/-l(x/-l sin^)oosh(2a/-l sin0)} 

==i^e- 2 " cos *{eos£0 sin(2asin0)+sin£0 eos(2asin0)} 

= i^e-2»oos* s i n (2asin(?+^)= f e-[«»+(«v»»)]oo8» B i n {[ a .s + (a s /a s )]sin0}«!a:. 
I Jo 

Similarly, 

B= C e-^'+(«V* , )] C os{[a;S+(a 2 /a' 8 )]sin^}^ = i C— e- 2 " oos »cos(2asin(?+^). 
»/ o " 

4. Let/=1, jf=6», *=1, Tc=b»; then r=^/(V 2 + 2 )> *=£l/( 2 -V 2 )' 
w=£&,/(2 1 /2+2), v^46|/(2-2 T /2), r*-<*=i/2, «t+fe=&, rv+tu=bi/-l. 



:.A 



•^ o 



-^«"*{ -i/-V (2 + 2 1 /2)sinh(2V-l) 



- 1 /-V(2-2 1 /2)cosh(26,/-l)} 



== i^ e -^ {|/(l/2 +l) S in(2&)- 1 /( 1 /2-l)cos(26)}, 

£= f rt»'+iWHeos[« ! +(&Va s )]<fc 
«/ o 

= J ^e- 2 *{v/(l/2+l)oos(26)- 1 /( 1 /2-l)sin(26)}. 

5. Let f=aos20, g=$a?e,m20, A=sin20, fc=4a 8 cos20; then r=:cos0, 
<=l/( — l)sin0, «t=ia 1 /(l+sin20)=Ja(cos^+sin^), 0=4ai/(sin20— 1)— 
£aj/— l(cos0— sintf), r 2 — < 2 =1, n«+fe=Ja, m-\-tu=%ay' — 1. 

.-.A = f e-[*' c09M +-(«'/ 2l! ') sln2 «]sin[a! 2 sin2^+(aV2a: s )cos2^]da; 
-' o 

=4i/(*)«- a {-l/(-l)«>B* sinh(a v / -l)- k /(-l) [,/(-l)sin0]cosh(ai/-l)} 
=£j/(7r)e-<*{cos0 sina-fsintf cosa)=£v / (' r )0~ o sin(0+«)> 

e -[ iC 'co82»+(<»V2x»)sin2»] cos r a .a s i I1 2^ + ( a 8/2a!«)cos2^](?a!=i 1 /(5r)e- cos(^+«). 
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6. Let 0= j e -( /»'+»/»*) sm(hx* + Ic/x* )oos( pz* +q/x 2 )dx 

l r 06 

= — I e~<f x '+S/<»') ( e (hx'+k/x*)tf-l _ e -(.hx*+k/x*W— 1\ 

4j/ — ] J o 

X (eflW+«/a>*)y-l -f e-^'+g/aW-l)^. 

l r°° 
.-. <7=-r- — r- 1 [e-if-^+piv-nx'-ig-ac-qw-in/x' 

— e-[/+d+ pW-i]<c'-[g+<.ic+<iw-iWx°](i x 
1 /*°° 

+ — — — I [e-[/-(''-P)V'-l]a! !! -[ff-(fc-9)v'-l]l/x 1 '_ e -|/+(ft-i>)(/-l]a;»-|ff+(fc-gY-l]Va; !! ]^. 

Leti/{/±(*+J»)l/-l}=l/{4f+i|/[/»+(*+j»)»]} 

±l/{l/ ? -4l/[/ 8 +(A+p) i! ]}-* , ±s, 

i/{9'±(fc+2)v / -i}=i/{^+j 1 /[9' 2 +(^+e) 8 ]} 

±i/{i?-ii/[»'+(*+9) , ]}=<±«f 
i/{/±(A-p)i/-i}=i/{4f+*i/[/ J +(A-^) 2 ]} 

±i/{tf-ii/[/ , +(*-jO']}=«±«, 

±i/{i^-li/[y , +(*-«) , ]}=y±«. 

j/jr /g-2(r-«)(*— n) g-2(r+s)(«+«) g_2(»-w) (j/-a) g-a^+u,)^.).,,) . 

8|/ — 1 V r — S r+S V — W> «+t0 7 

= - L!i Tn e- 2 ^+ 8 »)[rsinh2(n« + fe) +soosh2(n< + fe) ] 

~ IcX- w» ) fl " 1(n+ "" ) ['wiiili2(t>i+yy) +«oogh2(«+«y) ] ■ 

7. Let/=1, ft=a 2 , g=6 8 , gr=A=p=0; then r=»=l, s=w=0, 
<=*/[2(« 5 +6 8 )], M =S^V[2(a» +&•)], J/=V[2(a 8 -6 2 )], 

^= ll -^l/[2(a 2 -62)], r 3 -s 2 =v i -w 2 =0, rH-sw=ii/[2(a* + &»)], 

m + te=J^l- 1 /[2(a»+6»)] l ty+w=Ji/[2(a« -&»)], 

vs+w^=^^ 1 /[2(a 2 -6 8 )]. 
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.\C--=J" e-«' ,, sin(aVa: 8 )cos(6Va; 8 )^= ] 4^{e-^ 2(0, ' +6, '')sin 1 /[2(a 8 +6 8 )] 

+e-V[2(» i -6»)Jsin 1 /[2(a2-6»)]}. 

If 6=0, 0=f e-*^in(aVs*)^=^e-°»' 2 sin(a 1 /2). 

•^ o ^ 

8. If we integrate both sides of the equation 
(m+1) times with respect to m, we get 

/" g—mx mm win 

From J J e- mx dxdm=j — , we get j — «fa:=log ( — J (p). 

/» /■2a g— mas /•» /'aft g— ma: /»2a /»26 

I <fe;<fo» — I I dxdm= I log»»d!wi-|- I logmdm 
^ o+6 * ^ ^ a+b x J a+b J a+b 

/" fp— ax o—bx \2 
[ J<fo=2alog2a+2&log2&-2(a+&)log(a+&) 

10 « V (o+ft)««+») / w " 

r" e- oa! — e- 6rc , , /*" (e~ ax — e-bx^/grxV-l + e -rx^-2 \ 

Now I cosmfo = A I — ax 

J X J X 

= i\ (p- x ( a - r V- 1 ') — g-*(&-»V— l)_|_ e -a;(o+rv'— 1) _g— x(6+7V--l) j jp-l^fe; 

i~°° e -aar_ e -6^ IT 00 (e-«» — e-^)(e«V-l — g-^V-l) \ 

J o x 2(/— 1 J o * / 

= I ( e -*(a-iy-i)_ e -a!(6-iY-i)_ 6 -x(o+r»'-i)_(_ 6 -i(»+»y-i) ]ar-i<fa; 

2,/-l.J o ^ / 

-27=r l0 ?U_ ri /_iJ-Yzr l0 g\a + v-iJ- taD a tan 6' 



*dx 



*dx 
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This last follows from the relations 

log(0±D^-1)=ilog(0» + D»)± 1 /(-])tan- 1 (D/0). 

/ B -2( c -*(a-n'— 1) _g-«(&-ry'-l) + g-«(a+»y-l) _g-a!(6+r)/- 1) )S 


= i f a:- 2 (e-*(°-'''''- 1 >-e- : « ; ( 6 -''> / - 1 >) 2 flfe+ J f s- 2 (r-°< B -e- 6 *) ! 
^ o ^ o 

+ 4 f a^2(e-«(»+'-V-i) _ e -«(6+rj'-i))*da; 
•/ o 

=* lQ g[ (!y & °) ( 3) ]+K«~ V~l)log[2(a-V-l)] 

+ K^-» , l / -l)log[2(&-r 1 /-l)]-Ka+&-2ri/-l)log(a+6-2r-,/-l) 

+ Ka+^|/-l)log[2(a+n/-l) + K&+V- 1 ) lo g[ 2 ( 6 +» , l/- 1 )] 
-K«+&+?» , 1 /-l)log(a+&+2V-l), from (g), 

= * log [ (a+rffw ]+^log(4a 2 +4r 2 )+£Mog(4&g+4r 2 ) 
-J(a + &)log[(a + & 5 )+4r 2 ] 

r (2a) 2a (2&) 26 (4a 8 +4r 2 ) a (4& 8 +4r 8 ) 6 "I 

— *Wg|_ (a + &) 2(a + 6)[( a + & ) 2+ 4 r a](a+6) J- 

Since sin 2 ra;=l— cos 2 ra, we get 
« rr^^j^-l 2 „ r (2«) 2 «(2&) 2 »[(a+&)*+^](«+»> H 

J L X J ^^-* 10 g|_ ( a + & )2(a + 6) ( 4 a S + 4 r 2 )a( 4 & S + 4 r8 )6 J 

/ x pSa f-mx /•» /vi+26 g-ma; /"" ra+2b e -mx 

- — r-dxdm+2\ j — =-dxdm+\ —^-dxdm 

^ 2a+b *■* *^ J 2a+b £ S ^ J 36 * 

/3a fa+2b fa+2b 

(mlogm— m)dm+2 I (mlogw— m}dm+ I (mlogm— m)dm, we get 
2a+b ' ^ 2a+6 ^ 3b 

/°° r«— ax o—bx — 1 3 
[_ _p= - K3a) s log(3a) + |(2a + 6) s log(2a + 6) 
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(2a+6) 3 C 2 «+ i ') 2 (36) (3!,)a 



r (Za4-b) S{ - M +°> (6bY at >> 1 
-|(«+25)Mog(« + 25)+K3&)nog(35)^log[ ^ a + j g(a+25 y +2b)3 ]. 

f" 00 /"4a g— ma /»°° /"2 

I — 5— (fo; dm 3 I f 

J 3a + b % J J 3 



"4a g— mx /"°° /"2a+26g— tiu 

— 5— (fo; <?w — 3 I I — — - & dm 

^ 3a + 6 * J ^ 3a+6 # 3 



/»" /"2a+26g— mi z" 00 /"46 g— mx 

— 3 1 I — - — dx dm — I | — r— dx dm 

J J a+3!) * 3 J * J o+36 # 3 



/4a /"2a +26 

(^m s logm — fm*)d»H 3 I (£m 2 logm — ^w 2 )d!*w 
3a+6 J 2a+b 

/2a +26 /»46 

(£m s logm — %m 2 ~)dm-\- I (£m s logm — %m 2 ~)dm, we get 
a+3b ^ a+36 

/*» r e - aa; _e-to -|4 _ r (4a)W 3 (2a + 2&)6( 2 <'+ 2 6) 3 (4&)( 46 ) 3 -| 

J o L X J *"— * l0 & |_~(3a + &)*»»+»>•(«( + 3&)4(a+35)° J • 

I <fc equals 



when n is even, — — 5^-7 x 



(n— 1) ! 



r [«fl]«.[(n— 2)ffl+2&]"' [2a+(tt— 2)&] g n-2[>&]'»' -1 

log L[(m— l)a+6>[(n— 3)o + 36]«» [3a+(>— 3)&] a »-3[a+(«— l)&]«»-i J 



and when n is odd, -. tttX 

(m — 1) ! 

r [( M _i) fl -|.f > ]« 1 [() l —3)a + 36] a » [2a+(w— 2)6]"»-2[w6]-» "j 

g L[na]«°[(n— 2)a + 26> [3a+(n— 3)]««-s[a+(»— l)&] r/ »-i_T 

where a -(wa)"- 1 , « 1 =if[(«— l)a-f 6]™- 1 , 
-,=!<^[(*-2)a+26]-» > «, = "(tt-l)(n-2) [( „_ 3)a+3&]w - 1) 

n(n-l)(n-2)(>-8) (g-j+1) [(w _ i)a + t - 5]w _ 1 . 
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